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The derivation is similar to that of equation (21)
of Becker & Dunstetter (1984).

Configuration 111

The geometry of configuration II is shown in Fig.
18 with b = Sn,. One obtains:
for M, in domain 1

Dj, = ixJo[2x (xy)"?];
for M, in domain 2,

Dj(x,y) = Di(x, y) - ix

X Jo[2x{(x = b)y+(Bo/ Bx)D1}'/*1.  (A2)

Acta Cryst. (1990). Ad6, 123-129
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Equation (A2) is obtained in the same way as
equation (23) of Becker & Dunstetter (1984).
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Diffraction by a Randomly Distorted Crystal. L.
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By PIERRE BECKER* AND MosTaAFa AL HADDADT

Laboratoire de Cristallographie, associé a I’ Université J. Fourier, CNRS, 166X,
38042 Grenoble CEDEX, France

(Received 28 November 1988; accepted 8 September 1989)

Abstract

Kato’s statistical theory of diffraction [Kato (1980).
Acta Cryst. A36, 763-769, 770-778] is reformulated
in a self-consistent manner. The local displacement
field u(r) occurs through the phase factor ¢(r)=
exp [2mih . u(r)]. The present paper is concerned with
the limiting case where (¢(r))=E =0: this corre-
sponds to the situation where only secondary extinc-
tion is present. There are two correlation lengths in
the problem, the first one 7 for the phase factor ¢,
the second one I for the wave-field amplitudes. Kato
assumed I > 7. It is shown in the present paper that
I' =7, a property which has important consequences
for the general theory, where E # 0, to be discussed
in the second paper of this series.

I. Introduction

Kato (1980a) has proposed a statistical theory that
describes the propagation of X-rays and neutrons in

* Present address: Laboratoire de Minéralogie-Cristallographie,
Université Pierre et Marie Curie, Tour 16, 4 Place Jussieu, 75252
Paris CEDEX 05, France.

t Present address: Atomic Energy Commission, PO Box 6091,
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0108-7673/90/020123-07$03.00

a distorted crystal. This theory covers the whole range
of perfection from purely dynamical (perfect crystal)
to purely kinematical (mosaic crystal) diffraction. It
thus fills the gap between secondary and primary
extinction that were treated independently in previous
approaches.

The application of this theory has been discussed
by Kato (1980b) and an improved solution was
recently proposed by the authors (Al Haddad &
Becker, 1988) that led to a fair description of experi-
mental data on silicon (Olekhnovich, Karpei,
Olekhnovich & Puzenkova, 1983). This modification
was confirmed by Guigay (1989).

The theory involves long-range- and short-range-
order parameters. The effective short-range correla-
tion length introduced by Kato has been questioned
in the literature (Olekhnovich et al., 1983) and relies
on non-trivial assumptions.

In this series of papers, we intend to discuss the
statistical hypothesis in detail, and to propose an
improved self-consistent formulation of the problem.
In order to discuss separately the various approxima-
tions, we shall start in the present paper by the par-
ticular case where long-range order is negligible
(secondary extinction only). The general theory will
be presented in a second paper, together with a prac-
tical solution.

© 1990 International Union of Crystallography
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I1. Takagi’s equations and the statistical hypothesis

For simplicity, we shall consider a non-absorbing and
centrosymmetric crystal.

A. Let s, be a coordinate along the direction of
the incident beam. Let us assume Bragg scattering to
occur at the reciprocal-lattice point h. We denote the
coordinate along the scattered direction by s;,. If Dy
and D, are the amplitudes of the waves in the incident
and scattered directions respectively, their propaga-
tion obeys Takagi’s equations:

aD, aD,
—=ixpD,, — =ixe*Dy, (1)
08, 0Sn
where
x=(aC/V)F=1/A. (2)

F is the structure factor for the Bragg reflection h,
supposed here to be real (centrosymmetric crystal).
A is the wavelength, V the volume of the unit cell, a
equals 1 pm for neutrons, 0-28 pm for X-rays. A is
the ‘extinction length’, the distance above which
multiple scattering (dynamical effects) becomes
important, C = polarization factor for X-rays.

¢ is a phase shift which accounts for the local
displacement from perfection. If u(r) is the displace-
ment field in the crystal:

¢ =exp [27ih . u(r)]. (3)

The situation is depicted in Fig. 1. We assume a
crystal to be totally illuminated by an incident beam.
A typical optical route is shown in this figure; the
beam enters the crystal at S and exits at M. The
amplitude at M will depend on the phases ¢; at the
points m; where scattering has occurred.

The practical solution of (1) is impossible in the
general case, even if u(r) is known at each point. In
most situations, the displacement field u(r) is
unknown and some assumptions have to be formu-
lated before (1) can be solved.

Fig. 1. Schematic representation of the scattering processes. ——
incident beam; - - - - scattered beam; = a typical optical path
through the crystal. 6: Bragg angle.

DIFFRACTION BY A RANDOMLY DISTORTED CRYSTAL. I

Equations (1) have been proved by Takagi (1962,
1969) and Taupin (1964) and reformulated by Kato
(1973).

They can be viewed as very general propagation
equations for waves in the presence of a scattering
potential. y is the amplitude of the scattering process,
and ¢ a local phase shift that will be considered as
a random quantity.

B. Given a crystal, it is possible to analyse the
displacement field u in terms of its probability distri-
bution function P(u) (Becker & Al Haddad, 1989).

It is possible to consider ¢ as a random variable.
Kato introduced the quantity

E ={(¢(r)),={ o(r) du, (4)

where v is the volume of the crystal, which can also
be written as

E = P(u) exp (27rih .u) du. (3)

E is the long-range-order parameter of the problem.
It is equivalent to a static Debye-Waller factor. It is
reasonable to assume a Gaussian distribution for P(u)
if the displacements are random enough. Assuming
an isotropic distribution, one gets

E =exp[ - Q7%/3)h*(ud), (6)

where (u?) is the mean square displacement over the
crystal under study. Equation (6) also shows the
dependence of E on the Bragg angle [|h| =2(sin 6)/A
where 26 is the scattering angle]. For a perfect crystal,
E=1.

If (u®"? becomes larger than the reticular plane
interspacing d =1/ h, E becomes very small and will
often be neglected. The limit E -0 corresponds to
the purely ‘mosaic’ crystal.

Kato also introduced a short-range-order param-
eter through the pair-correlation function:

f() =(e*(r+t)o(r)),. (7)

This function is assumed to be real and symmetric.
If we write

¢=E+d¢, (8) -
where 8¢ is the phase fluctuation, we get
f(t) = E*+(8¢*(r + )5 (r))-
Since f(0)=1,
f)=E*+(1-E*)g(t), 9)

where g(0) =1 and g(t) is a decreasing function that
describes the phase correlation between two points
separated by the vector t.

We are interested in the solution of (1) in the case
where u(r) has a known distribution. The statistical
hypothesis is thus introduced at this particular stage:
the diffracted power does not depend on the details
of the displacement field {u(r)}.
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One may expect that there exist many hypothetical
crystals with different displacement fields {u,}.. .{u,}
but having the same diffraction spectrum. These crys-
tals must have the same distribution function p(u)
and the same correlation function g(t).

If such an assumption is valid, it becomes possible
to describe the intensities of the incident and diffrac-
ted beams as an ensemble average over all the crystals
that would give the same diffraction spectrum: this
would also correspond to studying the scattering by
a homogeneously distorted crystal defined as an
average among crystal 1, crystal 2, ..., crystal p.

Itis obvious that one of the conditions to be fulfilled
is that the actual dimension / of the sample be large
compared to any characteristic length, such as A or 7,

I> A (10)

Write the intensities in the incident and diffracted
directions as

Iy=(Do]», I, ={(DyP), (11)

the brackets having the meaning of an ensemble
average.

If the phase sequence along an optical route such
as shown in Fig. 1 can be approximated by a Markov
chain, and if t=xuy+ yu, (where u, and u, are the
unit vectors along the incident and diffracted beams),
one can show (Becker & Al Haddad, 1989) that

g(t)=exp(—a.t). (12a)

If, moreover, the incident and diffracted directions
are supposed to be equivalent for the correlation

I> 7,

g(t)=exp[~(x+y)/7], (12b)
we note that
g(x,y)=g(x)g(y)
g(0,y)=g(y), (12¢)
g(x,0) =g(x).
Correlation lengths 7, are defined as
- =°(jj[g(t)]" di, m=r (13)

7 measures the width of the pair-correlation function
g, and represents the distance over which two routes
lose their mutual phase coherence.

Higher-order correlation functions can be intro-
duced but the present theory will only take pair corre-
lation into consideration. The implications of such a
constraint will be discussed later.

C. In the present paper, we shall restrict the dis-
cussion to the case where E is very small, thus neglect-
ing long-range order. We shall use the following
simplifications:

(0)=0

(14)
(e*(r+t)o(r))=f(t) = g(t).
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The second paper of this series will deal with the
general case (Becker & Al Haddad, 1990).

Before solving (1) under the conditions (14), we
shall make a further assumption concerning the scat-
tering geometry and boundary conditions for the
beams. This is summarized in Fig. 2.

Let S be a point illuminated on the crystal surface.
S can be considered as a point source, emitting a
spherical wave. Suppose the diffracted beam exits at
M. Let

Sm=s5,, mM=s,.

We suppose that the parallelogram (SmMp) is totally
inside the crystal (transmission geometry).

This approximation has been shown to be fair in
many situations (Becker & Coppens, 1974; Becker &
Dunstetter, 1984), especially for small scattering
angles (the most important situations for multiple
scattering). We assume a unit intensity for the incident
beam, which leads to the boundary condition.

D§=58(sy). (15)

One calculates the solution for this point source
(Green function of the problem). It is then necessary
to integrate over the exit surface from the crystal, and
over all the source points, in order to get the integrated
diffracted power that is recorded in an experiment.
The integrated diffracted power for a homogeneous
incident beam is shown to be (Kato, 1976; Becker,
1977):

P =(A/sin 20) | I,(m) dv, (16)
where I,(m) is the intensity of the diffracted beam
at M originating from the source S: notice that any
point m inside the crystal defines uniquely the pair
(S, M).

III. Propagation equations for the intensities
Takagi’s equations can be transformed into integral

equations, as proposed by Kato:

Dy (so, sn) = ix I ©*(s9, 1) Do( o, 1) dn (17a)
Q

Di(sa. 50) =)+ ix | ¢(& s)Dy(& ) d& (175)

Fig. 2. Assumed geometry for the diffraction.
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It is easy to write the propagation equations for I,
or I,:
olo__al,

——=ix{{(D§ ¢D,)— (D} ¢*Dy)}.

8
d5o asy, (1 )

Equation (18) correlates D, and D, at the same
point. In order to estimate this quantity, we must take
into account the fact that the actual values of D, and
D, at agiven point are defined by the scattering events
which have occurred at preceding points: this is
achieved with (17). The situation is schematized in
the following diagram where horizontal lines refer to
the diffracted direction and vertical lines to the
incident direction: the two routes join at (s,, s,) and
correspond to the evaluation of D&(so, s,) Dx(So, i)

Dy

o Gsy

lDl.)

(5.1 I
0 D,

(sg054,)

Let us consider the term (D& oD,). Through (17a),
one creates a correlation between D#(s,,s,) and
Dy(se, m). Through (17b), one gets a correlation
between Dy(so, s,) and D3 (¢, s,). Since these two
correlations”are independent, one must add the two
processes. The term &(s,) in (17b) does not corre-
spond to a scattering event and can be discarded. We
get

So

al,

6_= X2 J dé(D¥(¢, sw) Du(so, Sk)
So

0

X @*(&, sn)@(So, Su))+c.C.

Sh

_X2 J d”)<D:)k(So, 1) Do(s0, M)

0

X @*(50, M) (50, Sn)) T C.C. (19)
Assuming the brackets to be real, we get
610 th 2
Pl L BI_AI
S oy = XTB A (20)
with
Sh
A'= g d77<D2)k(50, sh)DO(SO, 77)4’*(50, 77)4’(5'0, Sh))
' (21)

B'= (]fd§(D,,(sO, sw) DE(E, su) 0™ (& sn)@(So, 5h))-

DIFFRACTION BY A RANDOMLY DISTORTED CRYSTAL. I

A’ and B’ can be represented by the following
diagrams:
| . (g sy)

(sgs,)

where e . 9 o: ¢

It should be recalled that D, or D, only change
their value at a scattering point. DF(s,, sx)Do(So, 1)
is defined by scattering events taking place earlier on
the routes, for example:

We wish now to evaluate (21). We will restrict the
discussion to the pair-correlation assumption. There-
fore (Feller, 1970), the average of the product of an
even number of random quantities, each of which
has a zero mean value, can be written as the sum of
all the independent products of pair correlations.
Take {a,a,asay4). It can be written, in the pair-correla-
tion approximation:

(a,a,a;a,) =(a,a,Xaa,) +(a,a;)a,a,)
+(a,a,)a,a;). (22)

If (a;) =0, this expression is exact when the random
variables a; have a Gaussian multivariate distribution.

Furthermore, (17) can be used iteratively and leads
to

Dy (o, sn) = ixe™*(so,0) + I:Dh,

where

ir=-x* I de I dn ©*(so, M (& M (& 7). (23)

From this, we get

<Dh>=§ (=1L [ixe* (50, 0)])

=Y (=1)"ix(=x»)" [ d¢&, [ dm,...
o 0 0

£nt

x |
X @*(€ncys 1)@ (&ny M) @™ (€0, O)).

The bracket involves the average of a product of
an odd number of quantities whose mean value
is zero. If the displacement field is such that
h.u(r,)...h.u(r,) has approximately a multivariate
Gaussian distribution (Feller, 1970; Becker & Al

dé, j dmnl@*(s0, m)@(£1, M) - .
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Haddad, 1989), each term in the preceding expansion
is zero and we conclude that

(Dy,)=0. (24a)

Similarly, if we consider only the part of the incident
beam which corresponds to multiple scattering,

(Dyp)=0. (24b)

There is a total lost of phase coherence along a
given route. As a result, the only contribution to the
intensity must come from the correlation between
different routes originating from S and joining at
(50, 5»). That is equivalent to saying that the only
non-vanishing terms in (21) are

(D§(s0, 5n) Do(0, 1))@ *(s0, 1)@ (50, 5))
and

{Dy(s0, Sh)Df(fa s (&, su) (s, ).

The term <D6k(s09 sh)‘P(SO, Sh))<D0(SOs n)‘p*(SOs 7’))
is zero since each bracket is proportional to 8(D¥)/3s,
and &(D,)/dn: remember that (D,)=0. The term

(D§(s0, sn)¢* (50, M))XDo(50, N)@ (S0, 54)) would, by
the use of (17), involve non-first-neighbour phase
correlation, which is neglected in the present
approach. Thus, phase and amplitude couplings can
be separated, and one gets

A= [ dn g(s,— n)(D¥(s0, 54) Dotso, )
. (25)
B'= g d§g(50‘§)<Dh(so, Sh)Df(f, Sh))‘

The diagrammatic version of (25) is

] ===
Olo oy Jr .21 !
3sg I !
—b

where @ stands for a phase correlation

and 4—’:
|

stands for a ransverse amplitude correlation.

a. Kato’s approximation

To estimate A’ and B’, Kato made the assumption
-that the transverse correlation length (I') of the
amplitude is much larger than 7, the phase corre-
lation length. I' is the distance over which
(D&(s0, sn)Do(so, s, — ') becomes negligible. Then
(D§(s0, s)Do(s0, 1)) can thus be replaced by
Io(so, s,) in (25). This leads to a very simple solution:

A'=7lo(s0, 5n), B'=7l,(s0, 51). (26)
Thus, the propagation equations take the simple

form:

310/850=_61h/8sh =2X27'[Ih"'[0], (27)
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which is familiar in secondary-extinction theories
(Zachariasen, 1967; Becker & Coppens, 1974), where
the quantity (2x°) plays the role of a specific scatter-
ing cross section.

Earlier, Kato (1976) proposed a theory for secon-
dary extinction, based on a detailed study of all the
possible coupling schemes between two optical
routes. This theory, precise but quite complicated,
cannot be generalized if E # 0. It leads to

aI()/aSo:“61},/65;.:2/\/27'2[1;.—10]. (28)

The only difference from (27) is the occurrence of
T, instead of 7 and seems minor.

In fact, we shall see that it is related to the approxi-
mation leading to (26), which has to be critically
discussed. The difference between (27) and (28) will
be shown to be quite fundamental in terms of the
physics background.

b. Self-consistent approach

We must consider A’ and B’ without making any
a priori approximation. If we wish to calculate them
directly, this will involve quantities such as
(D¥(s0, sn) Do(s0, m)), which has to be expanded
in terms of preceding scattering events. We must
therefore consider an expansion of §1,/3s, at least to
order x*.

6o
c2x 9

=2X4[X,+X2+X3+X4]. (29)

In evaluating X;, we will again separate phase and
amplitude correlations, following arguments leading
to (22). Taking into account all the pair correlations,
we get

X= dn g de I dn'{g(ss — m)g(sn— 1)
+g(so—¢)g(so— €&, n—7n")}

X{Do(s0, n)DF(£, ). (30)
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We shall use two more approximations:

(1) it is shown in the Appendix that
(Do(so, m)DE(E,n")) can  be replaced by
(Do(¢, n)DE(E, 1)) (long longitudinal amplitude
correlation);

(2) if x, y>0,

g(x+y)=g(x)g(y)
(Becker & Al Haddad, 1989).

(31)

X1=2s£g2(sh—n) dn Idf I dn'g(n—n')
X(Do(§', 1) D§(¢', 1))
+2 f d¢' g*(so—¢) J: dn 3 dn’ g(n—1")
X{Dy(¢', m)DF(&', 7))
=272S§d§A’(§, s,,)+2-rzs(]fd7;A'(so,17), (32)

where use was made of the fact that A’ has slow
variations on a distance of order 7.
By similar arguments:

=27, gng'(g, sp)—27; g dn B'(se, ). (33)

We then consider X;. We notice that the former
scattering events occur on the same optical route and
correlations between adjacent pairs cannot be fac-
tored out.

(@ (50, sw)e™*(s0, M@ (&, m)e™(&, ')
=g(ss —m)g(n—1")G(so— &),

where G(s,—¢') correlates the two horizontal pairs
on a distance of order 7:

—
as a consequence, X5/ X, = 7/5s,. X; can be neglected.
Similarly X, is neglected.

Finally, we get

So

=4X472{J dé[A' = B'Y(&, sn)

0

ol
d5o

Sh

+ j dn[A'~ B')(so, n)}~

0

(34)
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From (20), this can be transformed into

So Sh

ol o],
—=2x272[— J — (& 5) dE+ f — (50, n)dn]
650 oSh
0 0
=2X272[Ih_10]
and

a1,
= =2x"n I~ 1,].

a5, (35)

The correlation length =, is retrieved and we find
agreement with Kato’s (1976) theory.
The previous results can be written as

A'=nl,, B'=mnl,

(36)

as can be seen by an expansion of (22):

Equation (36) shows that the transverse amplitude
correlation length I' is of the same order as the phase
correlation length 7, a result which differs significantly
from Kato’s predictions.

This difference will also have a strong inffuence on
the theory when there is long-range order (E # 0).

IV. Solution

The solution of (28) or (35) is well known (Becker,
1977, Kato, 1976, 1980b): it depends on the boundary
values for I, and I,.

A simple use of (15) and (17) would lead to

10(8, sh)~05 Ih(SOa 8)~X2 (38)

for & < 5o, 5, but € > 7. Equations (38) are the effective
boundary conditions for kinematical theory (single
scattering).

However, this single scattering can occur at any
x < so: the incident beam at s, is thus reduced by an
effective absorption factor exp (—2x°7,8,). The
effective boundary values have to be taken as (Al
Haddad & Becker, 1988):

Io(&, sn)~0, I,(so, €)~ x> exp (—2x*728,). (39)
The solution is then
Io(s0, s1) =X2(s0/s,,)‘/2

x1,[20(sosn)""*] exp [~ (so+ s1)]

L(s0, 1) = x*1o[20(505)"/*] exp[— 0 (so+ 53)],

(40)
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where

o=2x7 (41)
is the specific scattering cross section and |y, |, stand
for modified Bessel functions of the first kind.

The kinematical diffracted power (16) is

P, =(A/sin 20)x*v. (42)
The measured power is
P=Py, (43)

where y is the extinction factor. We get

y=v""[exp [~a(so+si)llo[20(s0ss)"*] dv, (44)

an expression of great use in secondary-extinction
theory.

V. Concluding remarks

We have shown, in the case of negligible long-range
order, that the correlation functions for the ampli-
tudes in the transverse direction can be calculated
without any a priori approximation. The correlation
length of the amplitudes is of the same order as the
correlation length for the phase, a result which is
consistent with the detailed calculation of Kato
(1976), but which discards Kato’s (19804, b) assump-
tions concerning the general statistical theory. This
result is important for the general theory to be presen-
ted in a following paper.

APPENDIX
Longitudinal correlation of the beams

Let us consider the quantity

a= §<Dr<so,sh)no(so, 1)e*(s0, 7)) dm. (A1)

We take its derivative with respect to s, applying
the same method as in the text:

da
= <Df¢’*Do)
asy

Sh
~ iy (I) (D§(50, $4) Do(50, 1))g(s,— ) dn
=ixy[B'—-2A’]
since (D¥¢*Dy)=ix[ B'— A"].

(A2)

We can also expand (A1) as

a=iy J dn I dE(D¥ (0, 51) Da(& 1))g(s0 — &)

Sh Sh

—ix (I) dn (I) dn'{D§(so, n')Do(50, 7))g(n —71").

(A3)
The second term is

—2iy g dnA'(so, ).

If we replace (Dj(so, sy) Di(& 7)) by (D¥(so, 1)
X Dy (¢ m)) in the first term, we get

a=iy id"l[B'(So, M =240, m)]  (Ad)

and da/ds, = ix[ B'~2A'], a result similar to (A2).

It is therefore legitimate to replace (D} (so, sy) X
Dy (& m)) by (D¥(so, 1) Dy(& m)). Thus, we can con-
sider that the longitudinal correlation of the ampli-
tudes is large and only the transverse correlation plays
an important role in the theory. This is related to the
fact that the amplitudes change only their values due
to scattering.

The amplitude correlation function between two
parallel routes depends only on the distance between
the two routes, and not on the particular position on
each route.
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